CHARACTERISTIC FUNCTIONS FOR MULTICONTRACTIONS 
AND AUTOMORPHISMS OF THE UNIT BALL 



CHAFIQ BENHIDA AND DAN TIMOTIN 

Abstract. A multicontraction on a Hilbert space Ti is an n-tuple of operators 
T = (Ti,. . . ,T n ) acting on H, such that J2i=l T i T * < !«■ We obtain some 
results related to the characteristic function of a commuting multicontraction, 
most notably discussing its behaviour with respect to the action of the analytic 
automorphisms of the unit ball. 



1. Introduction 

Let T~L be a Hilbert space; a multicontraction is an n-tuple of operators T = 
(Ti, . . . ,T n ) acting on H, such that Y17=i T%T* < In- A theory of dilation and 
models for this type of operators has been developed by Gelu Popescu in |H| and 
a series of subsequent papers. There is no commutativity assumed there, and the 
isometric dilation obtained is related to the Fock space and to representations of 
the Cuntz algebra. 

Starting mainly with |J, interest has developed around the case T is formed 
by commuting operators. In particular, in the recent paper 0], which is actually 
the starting point for this note, a notion of characteristic function is introduced for 
commuting tuples, and in a particular case it is shown that this is a complete unitary 
invariant. One computes also, in terms of the characteristic function, the curvature 
introduced by Arveson 0. Although some of the results therein follow from the 
noncommuting case of Popescu, it is not the case with all of them; moreover, even 
when it is, the direct approach might be instructive. 

This note investigates further the characteristic function of a multicontraction. 
In Section 2 we remind the main definitions and notations. Section 3 contains some 
variations around the results in @j. In Section 4 we investigate a general form of 
fractional transform, of which the characteristic function is a particular case. The 
main applications are obtained in Section 5, where one investigates the relation of 
the characteristic function to the automorphisms of the ball applied to a multicon- 
traction. Here formulas similar to the Moebius transform of a single contraction 
are obtained. This is connected to the homogeneous operators considered by Misra 
et al 0. 

After this paper was completed, we have learnt that further work on closely 
related subjects has independently been done by Bhattacharyya, Eschmeier and 
Sarkar .5:. We will point out, when the case appears, the relation between our 
results and 0. 
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2. Preliminaries and notations 

If £l, £2 are two Hilbert spaces, and C : £\ — > £ 2 is a contraction, one defines the 
defect operator D c = (l £l - C*Cfl 2 G £(£1) and the defect space T>c = Dq£i C 
£1. 

Suppose T = (Xi, . . . ,T n ) E C(7i) n is a commuting multicontraction; that is, 

n 
i=l 

This is the same as requiring that the row operator T = (T\ ■ ■ ■ T n ) ; TL n — > Tt is 
a contraction. (We will currently denote with the same letter T the multioperator 
and the associated row contraction.) Accordingly, we have the operators Dj~ = 
(l H n - T*Tf / 2 and D T * = (l n - TT*) 1 / 2 , and the spaces V T = D T H n C H n , 

v T * = d t -h c n. 

For further use, for a multiindcx a = (a%, . . . , a n ) € N n , we shall denote \a\ = 
\ ai \ + ■ ■ ■ + \a n \, and T a = Tf 1 • • • Tg n . 

If, for z e B" (the unit ball of C n ), the operator z : 7i n — s- is given by 

z = (zil n ■ ■ ■ z n ln), 

then z is a strict contraction, and thus In — zT* is invertible. We may then define 

(2.1) e T (z) = -T + D T ,(l n -zT*) _1 z£) T : V T V T .. 

Thus 9t(z) is an analytic contraction valued functions defined on B™. In gj, where 
Ot(z) '■ B n — + C(T>t,'Dt*) is introduced, it is called the characteristic function of T, 
and it is proved (in the commuting case) that it is a multiplier of the corresponding 
Hardy-Arveson spaces. (For a single contraction all these notions appear in |13j.) 

According to a standard terminology introduced in JSj for the case of a single 
contraction, we say that two analytic functions 8 : B™ — > C(£x,£%), Q' : B" — > 
C(£'xi£'x) coincide if there exist unitary operators Qi : — > £[, i = 1,2, such that 
ft 2 6(» = &(z)Qi for all z e B". 

The Hardy-Arveson space H is equal to the Hilbert space of analytic functions on 
B™ with reproducing kernel k(z, w) — l _^ z w ^ ) ■ The monomials z a (z £ B™, a G N n ) 
form a complete orthogonal family, and we have ^ Lemma 3.8] 



(a 



Also, for £ a Hilbert space, we denote H(£) = H <g) £; thus H = H(C). 

The standard multishift S = (S±, . . . , S n ) on H is defined by Sif = Zif. Again 
in ^ one shows that S is a commuting multicontraction, and -Ds» = Pq, where 
Po denotes the orthogonal projection onto the constant functions. We will use the 
same notation S for the corresponding operators (Si ® If) acting on H(£). 

If A G £(H(£), H(£*)) is an operator that commutes with the standard mul- 
tishift, then A is uniquely defined by its restriction a to £; we will denote then 
A = M a . One can also view a as a function from B™ to £(£,£*), by writing 
*(z)(0 = a(0(z). 

Now, if T is an arbitrary multicontraction, we can define a completely positive 
map 

(2.2) PT : £(W) 
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by p T {X) = £7=1 TiXT*, and denote, as in @], by Aoo(T) £ £(W) the strong limit 
of the decreasing sequence of positive operators p^(l-n)- The next theorem appears 
in 0] ; most of its ingredients are already present in £Q . 

Theorem A. If T is a commuting contractive tuple of operators on TL, then there 
exists a unique bounded linear operator L : H(2?r*) — > H satisfying 

(2.3) L(f®0 = f(T)D T «£ 

for all f polynomial, £ £ £. The adjoint operator L* : H. — > H(X>y») is given by 

(2.4) (L*h)(z) =D T *(l n -zT*)- 1 h. 
These operators satisfy 

(2.5) LSi = T t L, S*L* = L*T*. 
We have the identities 

(2.6) LL* + A 00 (T) = l Hl 

(2.7) L*L + Mo T MZ T = l Jl{pT .y 

When no confusion is possible, we will usually denote simply instead of 
Aoo(T). 

Finally, we remind a dilation result from pQ. A spherical operator Z = (Z±, . . . , Z n ) 
is a commuting tuple of normal operators such that Z\Z\ + • • • + Z n Z* L = 1. 

Theorem B. If T is a multicontraction, there is a (essentially uniquely defined) 
standard minimal dilation of T of the form S © Z, where S is a multishift on 
H(T>T'), while Z is a spherical operator. We have Z = iff A^T) = 0. 

A few words are in order concerning the relation to the noncommuting case 
considered by Popescu in [HI El and subsequent papers. When the contractions Tj 
do not commute, it is necessary to introduce, instead of the Hardy-Arveson space 
H(£), the Fock space 

T{£) = £ © £ n © (£ n )® 2 © • ■ • © {£ n )® m © • ■ • . 

One can identify then H(£) with the subspace of T(£) formed by the symmetric 
tensors; suppose then that tts is the orthonormal projection onto this subspace. The 
defect spaces of a noncommuting multicontraction are defined in a similar manner, 
and the characteristic function of T introduced by Popescu in [H] corresponds to 
an operator px '■ r(Dy) — > T(T>t*) which commutes with the creation operators in 
the Fock space. The relation with the commuting case is then the formula Mg T = 
ttd t * /j-t |H(X>y). For other connections between the commuting and noncommuting 
cases, one can see [TI], as well as the recent extensive paper |10| . 

3. Classes of multicontractions 

By means of the operator Aoo defined above, we can define some classes of 
multicontractions, similar to the ones that appear in [5] in the noncommutative 
case. 

Definition 3.1. The multicontraction T is called 

• pure (or C ) if A^ = 0; 

• Ci if kerAoo = {0}; 

• completely noncoisometric (c.n.c) if ker(l — A^) = {0}. 
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The next result is an immediate consequence of Theorem A. 

Proposition 3.2. (i) g| T is pure iff L* is an isometry. In this case T is uni- 
tarily equivalent to the commuting tuple T = (Ti,...,T n ) on Wt = H(Z>x*) 
Me T (H(V T )) defined by T l = P® T Si\H. T . 

(ii) T is c.n.c. if and only if L* is one-to-one. In this case T* is uniquely 
determined by the second equality in (|2.5|) . 

The following lemma has been proved for the noncommuting case in [Hj (see 
Remark 2.7 therein). 

Lemma 3.3. Suppose T is a commuting multicontr action. 

(1) ker^oo is invariant with respect to T* , and the compression ofT to kerAoo 
is pure. 

(ii) ker(l — Aqo) is invariant with respect to T* and, ifT is the compression to T 
to ker(l-ft — Aoo), then T> T , = {0}. 

We can also characterize multishifts by means of their characteristic function. 

Proposition 3.4. // T is pure, then T is unitarily equivalent to the multishift S 
iff9 T = 0. 

Proof. In Theorem A, if S is the multishift, then L in (|2.3|) becomes the identity. 
It follows then from 1|2.7|) that Mq t = 0, and thus 9t = 0. 

Conversely, if 6t = 0, then from Proposition 13 . 21 it follows that = H(2>r*); 
Tj = Si, and T is unitarily equivalent to T. □ 

Definition 3.5. An analytic function $ : B" — » L{T ', £) is called: 

• inner if M$ : H(J-") — > H(f ) is a partial isometry; 

• outer if M$ : H(JT) — > H(£) has dense range. 

The following characterizations of classes of commuting multicontractions, by 
means of their characteristic functions, are similar to those obtained in f° r one 
contraction and in [§] for noncommuting contractions. 

Theorem 3.6. Suppose T is a c.n.c. multicontraction on TL. Then: 

(1) T is pure iff Ox is inner. 

(2) T is of class C\ iff 9t is outer. 

Proof. (1) If T is pure, then L is a coisometry, and thus L*L is a projection. 
From (|2.7|l it follows that Mg T Mg T is also a projection; thus Mg T is a partial 
isometry and 6t is inner. 

Conversely, if Mg T is a partial isometry, then l|2.7|l implies that L is a partial 
isometry, and then from l|2.6|) it follows that is a projection. Since T is c.n.c, 
we must have ker(l — A^) = {0}. Thus = 0, which means that T is pure. 

(2) Note that ker A^ = {0}, is equivalent, by to ker(l - LL*) = {0}. But 
it is easy to see (for any bounded operator L, actually) that this last relation is 
equivalent to ker(l — L*L) = {0}. By (j2.7(l . this is the same as ker(Mg ) = {0}, or 
8t outer. □ 

To end the section, let us note that the model provided by Proposition 13 . 21 ( i) for 
pure contractions can be extended up to a certain point to c.n.c. multicontractions, 
in a manner similar to |13) (for a single contraction) or to jH| (for noncommuting 
multicontractions). We give only some indications in this direction, mostly in order 
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to obtain an extension of Proposition ^. 41 More details, including an investigation 
of the model space, can be found in 0. 

Remember that T> Mf>T = (I - Af e * T M 9r ) 1 /2H(r' T ) c H(X» T ). Consider the space 
Kt = H.(T>t*)®'Dm 9 and the two mappings v : H(T>t) — ► A^t, : H(Vt*) — > /Ct, 
defined by 

(3.1) v(f) = M 6T f®D MeT f, «»(/) = /ffiO. 
It is easy to check that are isometries, that 

(3.2) X^=«(H(2>r))Vt;,(H(X> T .)), 

and that w*w = Mg T ; consequently — Mg . Define W T = K-t G u(H(P t ))- 

If k G H T , and fc 1 u*(H(Z> T *)), we must have fc = by l|3"2)) . Thus the 
projection Pm t onto Ht has dense range when restricted to u*(H(2?t*))- Also, if 
/ S H(X> T *)> then 

Ik/ll 2 = l!ft r ^/|| 2 + ||^*/|| 2 = Hfli T ^/|| 2 + l|M e * T /|| 2 . 

On the other hand, by JTTJ for any / £ H(D T .) we have ||i/|| 2 + ||M e * T /|| 2 = 
||/|| 2 . Therefore, the map Lf i— > Pu T v*f is an isometry. We have just noticed that 
its range is dense in 7i; but its domain is also dense in Ht by Corollary 13.21 We 
obtain then a unitary $ : H — > Ht, defined by the formula 

(3.3) $(L/) = P Hr ^/- 
Now, since 1/c — fk r = vv* , we have, using Ij2.7|l . 

v*($Lf) = vlPm T v* = 1 H (zj x .) ^ - flM T ) w * 

= 1h(u t .) ~ K vv * v * = 1h(zj x .) - Mg T Mg T = 
Again, since the range of L is dense in 7i, it follows that 

(3.4) = 

We may then define a multioperator T on Ht by requiring that v*f*k = S*v*k. 
Applying l|3.4|l and (|2.5p . we have 

<T*$/i = £*<$/i = S?Z*/i = L*i;*/i = v*1>T*h; 

since is one-to-one, this shows that T is a multicontraction unitarily equivalent 
to T. Using this unitary equivalence, one can prove, on the lines of Theorem 4.4 
in 0|, that the characteristic function is a complete unitary invariant for c.n.c. 
contractions. 

Theorem 3.7. Two c.n.c. contractions are unitarily equivalent if and only if their 
characteristic functions coincide. 

By Lemma 13.31 (ii), this is a natural framework for the extension of 4, Theorem 
4.4]. Note also that an alternate proof of Theorem 13.71 can be obtained by using 
the noncommutative theory of 

As a consequence, we can obtain a generalization of Proposition 13.41 

Corollary 3.8. If T is c.n.c, then T is unitarily equivalent to the multishift S iff 
9 T = 0. 
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Remark 3.9. The main drawback of Theorem 13. 71 is that not all contractive mul- 
tipliers coincide with characteristic functions of commuting multicontractions, and, 
contrary to the noncommuting case of UJ, we do not know of a simple way to 
characterize those that do. A simple example is given by the null characteristic 
function: 9 : B" — > £(£1,62) defined by 9(z) = for all z coincides with a char- 
acteristic function if and only if dimfi = 00. Indeed, it is obvious that in this 
case coincidence is equivalent to equalities of the dimensions of the domain and of 
the range. On the other hand, Corollary 13.81 implies that, if coincides with 6t, 
then T has to be the multishift S on some space H(£). But then dimX>5» = dimf 
(and is thus arbitrary), while (for n > 2) diml?g = 00. This follows immediately 
from the fact that dim ker£>s = 00, since it contains, for instance, all elements in 
0™ =1 H(£) of the form (z 2 f) (- Zl f) © 0™ =3 (with / G H(£)). 

4. Fractional transforms 

It is useful to regard characteristic functions of multicontractions in a larger 
context, namely as a particular case of fractional transforms. This section is a 
development of some results in [3] . 

Let A,W € C(£i, £2) be contractions such that the inverse (I + WA*) -1 exists; 
define the operator ^> A (W) G L{£\,£2) by the formula 

(4.1) y A {W) = A + D A ,(I + WA*y 1 WD A 

The inverse exists if for example < 1. A related operator is 

(4.2) 1>a(W) = *a(W)\V a :V a ->V a .-, 

note also that 1 I'a(W / )|^ ) a = A\T>^, and it maps this subspace unitarily onto V A *. 
We will use repeatedly the formulas 

(4.3) *-a(-W) = -* A (W), i>- A {-W) = -il> A {W). 

Lemma 4.1. (i) We have the relations 

I - ^ A (W)*^ A (W) = D A (I + W*A)- 1 {I - W*W)(I + A*W)~ l D A , 
I - y A (W)y A (W)* = D A * (I + WA*)~ 1 (I - WW*)(I + AW*)~ l D A * . 

In particular, \\*S> A (W) \\ < 1, and, if W is an isometry (or coisometry), then 
ty A (W) and ip A (W) are isometries (or coisometries, respectively). 

The lemma is proved by straight computation. As a consequence, we can define 
isometric operators ft : 2?* A (vr) ~~ * T^w an d ^* : T^^ A (wy ~ * Dw* by 

(4.4) SID 9a(w) x = D W {I + A*W)- 1 D A x, 

(4.5) Sl m D* A(w) .x = D W ,(I + AW*Y x D A ,x. 

Remark 4.2. There is an important case when we can strengthen these statements. 
Suppose that W : V A -> V A , and I + W A* : T> A , ->■ T> A , is invertible. (Note 
that A(V A ) C V A , and A*(V A .) C V A .) Then, if W G C(£ ll £ 2 ) is defined by 
W = WqP Va + AP V ±, then I + WA* is invertible, V w d V A , V w * C V A ,, and 
il, £1* are actually unitary. In this case formulas (|4.4|) and 14.511 yield identifications 
of the defect spaces of *$> A (W). 
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Proposition 4.3. Suppose the operators I + VA*, I + W A* , I + %a(V)W*, I + 
a(W)* are all invertible. Then, i/i7,f2» are defined by (|4.4(l and (14.5(1 . we have 

(4.6) n^ A(w) (v) = ip w (* A {v))n. 

It should be noted that and SI* depend only on A and W (and not on V). 

Proof. Since the two terms of (|4.6() act on A ™-j , in order to check it we have to 
apply them to Dq, A ( W ^x. The proof is a rather tedious computation for which we 
give only some indications. 

One checks first the two formulas 

V A (W)D A = Da* (I + WA*)~ 1 (W + A) 

and 

D w » (I + y A {V)W*)- l D A * {I + VA*)- 1 

= D W .(I + AW*)- 1 D A *{I + V^> AiW)*)- 1 . 

Using them, one shows that 
(4.7) 

a(w)0O-D* a {w)X 

= D w , (I + ^a^W*)- 1 (^a(V)Da - D A * (I + VA*y 1 D A ,W(I + A*wy 1 D A ) . 
On the other hand, writing explicitely the left term in l|4.t)[) yields 

ip w (y A (v))nD^ Aiw) x 

= WD W (I + A*wy 1 D A x + D w , {I + $ A {V)W*)-H a (V)(I + A*W)~ x D A x 
- D w . (I + ^ a (V)W*)- 1 ^a(V)W*W(I + A*W)' 1 D A x. 

Since 

D w , (I + ^ A {V)W*)- l $> A {V)W*W{I + A*wy 1 D A x 

= -D w , (I + $ > i(V)W*) -1 W(/ + A*W)- 1 D A x + WD W (I + A*wy 1 D A x, 

it follows that 

^ w (^a{V))Q.D^, a(w) x 

= D w , (I + * a^W*)- 1 ^ A {V)(I + A*W)- 1 D A x + W(I + A*W)~ 1 D A x] 

= d w . (i + ^ A (v)w*y 1 [^A(v)D A x + (-*a(v)a* + i)w(i + A*wy l D A x] 

= D w , (I + ^ A (V)W*y 1 [^ A {V)D A ~ D A - (I + VA*y 1 D A *W{I + A*wy 1 D A ]x. 
Comparing this last equality with l|4.7f) , one obtains the desired equality. □ 

The relation with the characteristic function is obtained by noting first that, for 
z £ B n , the operator z : Tt n — > H is a strict contraction, and thus lu ~ ^T* is 
invertible. Then, by comparing 1)4. 2|) and 1)2. lfl . we see that 

(4.8) 9 T (z) = ^-t(z). 
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5. INVOLUTIVE AUTOMORPHISMS OF THE UNIT BALL 

A main interest of formula (|4.8|) is that it allows to make the connection between 
characteristic functions and automorphisms of the ball applied to multicontractions. 
The involutive automorphisms of the unit ball B™ are defined by 

<t>\(z) = A - ^ _ * (z - (1 - s\)P\z), 

where A G B", s\ = (1 — lAp) 1 / 2 , and P\ is the projection onto the space spanned 
by A. Among the properties of these maps, we note that 4>\ is involutive, that is, 
4>\ ° 4>\ — 1b") that it maps the unit ball onto the unit ball, and the unit sphere 
onto the unit sphere. 

The relation with the previous section is given by the next proposition, whose 
proof is a direct computation. 

Proposition 5.1. If we identify A, z G B" with strict contractions in C(C n ,C), 
then 

M z ) = ^x(-z) = if>\(-z). 

Denote A = A® In '■ 7~t n — * W; then A is a strict contraction. If T = (7\, . . . , T n ) 
is a multicontraction, then AT* is a strict contraction, and we may define ^\(~T) = 

In case T is commutative, <f>\{T) is defined by the analytic functional calculus, 
and it is in turn a commuting row contraction. Moreover 

There are several properties of the multicontraction T that are also inherited by 
(f>x(T). The first one can be proved directly. 

Proposition 5.2. With the above notations, ker(l— A^T)) = ker(l— ^^(^(T))). 
In particular, T is c.n.c, if and only if 4>\(T) is c.n.c. 

Proof. Denote (f>\(T) = R = (Ri, . . . ,R n ). Since all Ri are analytic functions in 
Ti, . . . , T„, all subspaces of TL invariant to T are also invariant to R. But then the 
relation 4>\(R) = T implies that R and T have the same invariant subspaces, and 
the same is true for T* and R*. 

Suppose then that K, — ker(l— Aoo(T)) is not contained in ker(l— A 00 (R)). Since 
the elements of this last subspace are characterized by the fact that p^(l) = 1 for 
all k (pn as defined by l|2.2() '). there exists x G ker(l — ^^(T)) and a first index 
K > 1 for which p^(l)(x) ^ x. Since < 1 for all k, and K, is invariant to 

R*, it follows that we can find y G /C, y 7^ (of the form y — R* . . . R* _ x), such 

that YJU \\Rtv\? < h\\ 2 - On the other side, y G K implies 2X1 \\ T iVf = 1 1 2/ 1 1 2 - 
Consider now the multioperators T' , R' , which are the compressions of T and R 
respectively to JC. It is easy to see that R 1 — <f>\(T') = ^\(— T'). But the definition 
of K, implies that T', as a row contraction operator, is a coisometry. By Lemma l4.ll 
R' should also be a coisometry, which contradicts the existence of y. 

We have thus proved that ker(l - A^T)) C ker(l - A^R)). But then <f>\{R) = 
T implies that we actually have equality. □ 

According to (|4.4|l and 14.5fl . we have operators f2 : T>$ x (t) — * T^t and fi» : 
X>^ A (T)* — > T>t*] moreover, since Remark 14.21 applies. £1,0,* are actually unitary 
maps. They provide identifications of the defect spaces of <fi\(T); what is more 
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interesting, they can be used in order to obtain a formula for the characteristic 
function of <p\(T). 

Theorem 5.3. (i) The operators f2 and Q* are unitaries. 
(ii) ^0 x (t) coincides with Oxii'xi 2 ))- 

Proof, (i) follows from the fact that we can apply Remark 14.21 (A = A is a strict 
contraction). As for (ii), by Proposition [O] formulas (|4.8|l and (|4.3[) . we have 

9 4>x(T)( z ) = 8*x(-T)(z) = 4>-9 x (-T)(?) = -^* x (-T)(-z)- 

But Proposition 14.31 applied to the case A — A, V — — z, W = —T says that 
V*a(-t)(~ z ) (and thus also — ipy /?) ( — z )) coincides with V , -t(*a(— z ))- Note 
that the unitaries f2, il* in Proposition 14.31 do not depend on V, and thus in our 
case the unitaries implementing the coincidence do not depend on z. 
Finally, applying again Proposition 15 . II and formula I4.8JI . we obtain 

^_ T (*x(-a)) = ip- T (<t>\(z) ® 1«) = <M<M^)), 
which ends the proof. □ 

Theorem l5.3l is the generalization of the well known formula for the characteristic 
function of a Moebius transform of a single contraction |131 VI. 1.3]. However, the 
definition of the automorphism of the ball makes <j)\ involutive, and thus (p^ 1 = (f>\. 
The change of sign in the usual definition of the Moebius transforms accounts for 
the apparition in |13| of a slightly different formula. 

Note also that a weaker result along the lines of Theorem 15 . 31 appears in pj. 

As a first application, we obtain a partial extension of the relation between 
the spectrum and the characteristic function that exists for single contractions 13 . 
Recall (see, for instance, 7 ) that, for a commuting multioperator T = (Ti, . . . , T„), 
one can define its right spectrum by: 

n 

oy(T) = {A e C" :^2(Ti- A 4 )(T, - A,)* is not invertible}. 

i=l 

Proposition 5.4. If A £ M n , then A £ a r (T) iff 9t(— A) is not surjective. 

Proof. Note that, since TiT* is invertible if and only if (T\ • • • T n ) is surjective, 
we have 

a r (T) = {A £ C n : ((Ti - Ai) • •■ (T„ - A„)) not surjective}. 

Since T maps unitarily T>j, onto it follows that £ cr r (T) iff #t(0) is not 

surjective. Thus the claim is true for A = 0. For other values of A, since, by the 
spectral mapping theorem, 

o- r {<t>x{T)) = M<rr(T)), 

we have A £ a r (T) iff 6 o~ r ((j>\(T)) (note that <f>\ (A) = 0). This is equivalent to 
6*^ a (t)(0) not surjective. Since, by Theorem l5.3l #0 x (t)(O) is unitarily equivalent to 
0t((/>-\(0)), and 4>-\(0) = —A, the proposition is proved. □ 

Remark 5.5. Naturally, a corresponding result can be proved for the left spec- 
trum ai(T) := oy(T»), where T* = (Tf, ...,T*). This would however require the 
assumption that T" is a multicontraction. If one would want to deduce a conse- 
quence about the Harte spectrum au (T) — oy (T) U cr; (T) , one should assume froi/i 
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T and T* multicontractions, which is a rather unnatural hypothesis (for instance, 
it is not satisfied by the multishift for n > 2). 

The next consequence concerns the multishift. 

Proposition 5.6. If S is a multishift and X £ B™, then 4>\(S) * s a ^ so a multishift, 
of the same multiplicity. 

Proof. By Proposition 15.21 6\ (S) is a c.n.c. multicontraction, while Theorem 15.31 
implies that its characteristic function is identically zero. We may then apply 
Corollary 13.81 to conclude that 4>\(S) is a multishift. The equality of the multi- 
plicities follows from the equality of the defect spaces of S and <p\(S), as given by 
Theorem Ol (i). □ 

We can also study the relation with the model spaces. 

Lemma 5.7. (i) If Z is spherical, then 4>\(Z) is also spherical for all X £ B n . 

(ii) If the multicontraction V is a minimal dilation for T, then <p\ (V) is a min- 
imal dilation for <f>\ (T) . 

Proof, (i) follows immediately from the functional calculus for commuting normal 
operators. As for (ii), one sees easily that <fi\(V) is a dilation for cf>\(T), and that 
the space spanned by the powers of 4>\ (V) applied to 7i is contained in the one 
spanned by powers of V. On the other side, <fi\ is involutive, which gives the 
opposite relation. □ 

Proposition 5.8. (i) If the standard minimal dilation of T is S © Z , then the 
standard minimal dilation of 4>\{T) is <fi\(S) ®(j)\(Z). 

(ii) IfT is pure, then 4>\(T) is pure. 

(Hi) IfT is of class C±, then (frxiT) is of class C\. 

Proof, (i) and (ii) follow immediately from Proposition 15 . 61 and Lemma 15771 As for 
(iii), we will apply Theorem 13.61 If T is of class Ci, then 6t is outer. To show 
that ^0 a (t) is a l so outer, note first that by Theorem 15. 31 it is enough to show that 
^t(^a(-2 ; )) is outer. Denote by C\ the operator / f(<fi\(z)); it is invertible, since 
Cl = 1. Then 

M e T (cf> x (z))C\ = C\Mg T , 
whence it follows that, if Mg T has dense range, then M eT ^ x ^ also has. □ 

6. General automorphisms 
The general form of an automorphism a of B n is 

a = uj o </> A , 

for A G B™, and u> a unitary map of C" (see, for instance, ^1 Theorem 2.2.5]). We 
may then complete the results of the previous section by taking into account the 
action of the unitary lo; since we identify C" with row lxn matrices, and regard T 
as a row operator, it is natural to consider the action of lo as matrix multiplication 
to the right. 

Lemma 6.1. Suppose T' = T{\-j-i ®lo). Then pT> = Pt, while 9t'{z) coincides 
with 9t{zliJ*). 



CHARACTERISTIC FUNCTIONS AND AUTOMORPHISMS OF THE UNIT BALL 11 



Proof. We can write pr(X) = T(X <g 1 C ™)T*; then 

PT ,(X) = T(l n <E> oj)(X <E> l cn )(l n <g> lj*)T* =T(X®l C n)T* =p T (X). 

As concerns the defect spaces and operators, we have Dt'* = Dt* and T>T" = 
T>t*, while Dt< = (In <g> ui*)Dx(~i-n (8>o>) and T>t' = (1« ® lu*)T>t- Consequently 

6 T ,(z) = -T' + D T „(l n - ■lT'*)- 1 zD T i 

= -T(1 H + D T - (In - z(l n ® u*)T*)- l z.(l H <g> uo*)D T (ln <8> w) 

= 6» T (zw*)(lw ® w), 

and the lemma is proved. □ 

Corollary 6.2. Suppose T' = T(l n ® w). 27ien: 

(%) T' is c.n.c. (Cx,Cq) iffT is c.n.c. (Cq,Cx, respectively). 

(ii) If T is a multishift, then T' is a multishift of the same multiplicity. 

Proof. The results in (i) are immediate consequences of the equality pt> = pr, 
while for (ii) we have to use, besides Lemma Ifi. II Corollary 13. 81 □ 

Gathering the results in Propositions 15.21 15.61 15.81 Lemma 16.11 Corollary 16.21 
and Theorem 15.31 we obtain a general result concerning the action of an analytic 
automorphism of the unit ball on a multicontraction. 

Theorem 6.3. Suppose a : B" — > B™ is an analytic automorphism, while T is a 
multicontraction. Then: 

(i) a(T) is c.n.c. (C\,Cq) iffT is c.n.c. (Cq,C\, respectively). 

(ii) Q a (T) coincides with Ot ° a -1 . 

(Hi) If T is a multishift, then a(T) is a multishift of the same multiplicity. 

In [H] the notion of homogeneous n-tuples of operators is introduced in a general 
context. In our case, a multicontraction T is homogeneous if ct(T) is unitarily 
equivalent to T for all a automorphism of B". Consequently Theorem 16.31 (iii) 
says that the standard multishift is homogeneous. 

The authors thank J. Sarkar for useful discussions. 
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